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ABOUT THE SOLVABILITY OF MATRIX POLYNOMIAL EQUATIONS
TIM NETZER AND ANDREAS THOM
Abstract. We study self-adjoint matrix polynomial equations in a single variable and
prove existence of self-adjoint solutions under some assumptions on the leading form. Our
main result is that any self-adjoint matrix polynomial equation of odd degree with non-
degenerate leading form can be solved in self-adjoint matrices. We also study equations
of even degree and equations in many variables.
Let A,B,C,D,E be self-adjoint (n× n)-matrices. Is there a self-adjoint (n× n)-matrix
X such that equation
XAXAX +X2 +BXCXB +DXD −X + E = 0
holds? Even though this is a problem that belongs to basic algebra, there seems to be
no satisfactory theory that studies the solvability of matrix polynomial equations in this
generality. We will come back to this specific question after we stated Corollary 4.
In this note, we want to study some aspects of the theory of matrix polynomial equations.
Throughout this paper let n ∈ N be fixed. We denote by Mn(C) the algebra of (n × n)-
matrices over C and study the polynomial algebra
Pol(Mn(C)) =
∞⊕
d=0
Mn(C)
⊗d+1
endowed with usual addition and multiplication given by
(A0 ⊗ · · · ⊗Ad) · (B0 ⊗ · · · ⊗ Bd′) = A0 ⊗ · · · ⊗Ad−1 ⊗ AdB0 ⊗ B1 ⊗ · · · ⊗ Bd′ .
This way, Pol(Mn(C)) is a graded unital ring and we may homomorphically map the ring
Pol(Mn(C)) to the ring of (n × n)-matrix polynomials over the vector space Mn(C) with
multiplication given by matrix multiplication. Indeed, it is easy to see that a natural
homorphism of rings is given by
Pol(Mn(C)) ∋ A0 ⊗ · · · ⊗ Ad 7→ {Mn(C) ∋ X 7→ A0XA1 · · ·Ad−1XAd ∈Mn(C)}.
Note that there are non-trivial elements, for example e11 ⊗ e22 ⊗ e11 − e12 ⊗ e11 ⊗ e21 ∈
Pol(Mn(C)) that give rise to the trivial polynomial map on Mn(C). However, by abuse
of notation, we will sometimes identify an element in Pol(Mn(C)) with the associated
polynomial map on Mn(C).
We will be concerned with the question of the solvability of self-adjoint polynomial
equation associated with p ∈ Pol(Mn(C)) in self-adjoint matrices. In general, this is a
very complicated question, but we can make some progress assuming additional conditions
on the leading form. We say that p ∈ Pol(Mn(C)) is of degree d if its highest degree
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contribution is of degree d, where we agree for convenience that the zero polynomial is of
degree −∞. The leading form of a polynomial p ∈ Pol(Mn(C)) of degree d is its component
in degree d, which we denote by p(d). The leading form of any non-zero polynomial is a
homogeneous matrix polynomial.
We also consider the involution on Pol(Mn(C)) which extends the adjoint A 7→ A
∗ on
the part of degree zero. More concretely, the involution is given by
A0 ⊗ · · · ⊗Ad 7→ A
∗
d ⊗ · · · ⊗A
∗
0
on the part of degree d. We say that a matrix polynomial p ∈ Pol(Mn(C)) is self-adjoint
if p∗ = p. The definition of the involution on Pol(Mn(C)) is made in such a way that
p(X)∗ = p∗(X∗) for all X ∈Mn(C). In particular, if X and p are self-adjoint, then p(X) is
self-adjoint as well. We denote the real-linear subspace of self-adjoint matrices by Mn(C)h.
A polynomial p ∈ Pol(Mn(C)) is self-adjoint if is has real coefficients when expressed as a
polynomial in the natural coordinates on Mn(C)h.
We say that a self-adjoint homogeneous polynomial p ∈ Pol(Mn(C)) is non-degenerate
if p(X) = 0 for X = X∗ only if X = 0. In our study, the unit sphere
S(Mn(C)h) =
{
X ∈Mn(C)h |
n∑
i,j=1
|xij|
2 = n
}
with respect to the norm where ‖X‖2 = 1
n
∑n
i,j=1 |xij |
2 will play a major role. Note
that each homogeneous and non-degenerate polynomial map p : Mn(C)h → Mn(C)h in-
duces a continuous self-map pS of S(Mn(C)h) given by pS(X) = p(X)/‖p(X)‖. Note that
S(Mn(C)h) is just the (n
2 − 1)-dimensional sphere, in particular, it is an oriented topo-
logical manifold and continuous self-maps admit a topological degree (or Brouwer degree)
as an integer-valued invariant depending only on the homotopy class of continuous maps.
Our main result can be formulated as follows.
Theorem 1. Let p ∈ Pol(Mn(C)) be a self-adjoint matrix polynomial of degree d such that
(i) p(d) is non-degenerate, and
(ii) the induced map p
(d)
S
: S(Mn(C)h)→ S(Mn(C)h) has non-zero topological degree.
Then, there exists X ∈Mn(C)h such that p(X) = 0.
Proof. Assume that there is no X ∈ Mn(C)h such that p(X) = 0. Then, for t ∈ [0,∞),
we define a continuous family of continuous maps pt : S(Mn(C)h) → S(Mn(C)h) by the
formula
pt(X) =
p(tX)
‖p(tX)‖
.
This defines a homotopy which has a limit as t tends to infinity, in fact it is easy to see
that
lim
t→∞
pt(X) = p
(d)
S
(X).
Since p0 is constant and p
(d)
S
is assumed to have non-zero topological degree, we obtain a
contradiction. 
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The previous result can be compared to the proof of the fundamental theorem of algebra
using basic notions of algebraic topology that became known in the 1930’s and various
extensions of it to the quaternions [1, 3] and octonions [4]. Despite the vivid interest in
polynomial equations in control theory, an extension of the methods to matrix algebras has
to the best of our knowledge previously not been observed. In the next part of the article
we will be concerned with computations of the topological degree of the map associated
with the leading form of a matrix polynomial.
Proposition 2. For any odd d ∈ N and n ≥ 2, the map Mn(C) ∋ X 7→ X
d ∈ Mn(C)
induces a continuous map of topological degree one on S(Mn(C)h).
Proof. It is easy to see that for odd d, the map X 7→ Xd is homeomorphism of Mn(C)h.
Moreover the tangent map of the induced map on S(Mn(C)h) at X = 1n clearly preserves
the orientation and thus X 7→ Xd is of topological degree one. 
In general, if the leading form is not given by a monomial expression, then it is hard to
compute the topological degree exactly. However, if d is odd, then non-degeneracy implies
that the topological degree must be always non-zero.
Proposition 3. Let d ∈ N be odd and n ≥ 2. Let p ∈ Pol(Mn(C)) be a self-adjoint, homo-
geneous and non-degenerate polynomial of degree d. Then, pS : S(Mn(C)h) → S(Mn(C)h)
has non-zero topological degree.
Proof. The associated real projective space PR(Mn(C)h) is a closed topological manifold
whose top-dimensional homology group is isomorphic to Z if n is odd and Z/2Z if n is
even. Thus, every continuous self-map of PR(Mn(C)h) admits a (Z/2Z)-valued topological
degree, which is the reduction modulo two of the topological degree of the map on spheres.
Again, the (Z/2Z)-valued topological degree only depends on the homotopy class of con-
tinuous maps. If there are no multiplicities, then this topological degree on the level of
real projective spaces is equal to the number of generic pre-images modulo two. In our
situation, since we assume that the homogeneous part of highest degree is non-degenerate,
we have n2 homogeneous real polynomials (pij)
n
i,j=1 of the same degree d that do not have
a common non-trivial real zero. A priori, this does not mean that they could not have
a non-trivial common complex zero. However, we claim that we can make an arbitrarily
small real perturbation (pt,ij)
n
i,j=1 for t ∈ [0, 1] such that p0,ij = pij , t 7→ pt,ij is continuous
for 1 ≤ i, j ≤ n, and (pt,ij)
n
i,j=1 has no common non-trivial complex zero for all t ∈ (0, 1].
Indeed, the space of n2-tuples of homogeneous polynomials of the same degree d form a
vector space and a family (qij)
n
i,j=1 has a common complex zero if and only if the multi-
polynomial resultant, an integer polynomial in the coefficients of the polynomials (qij)
n
i,j=1
vanishes. See [2, 6] for a definition and a detailed discussion of the properties of the mul-
tipolynomial resultant. Since the multipolynomial resultant is not entirely zero, it cannot
vanish on all real polynomials as they form a Zariski dense subset. Thus, the set of real
polynomials for which it is zero is of codimension one in the space of real polynomials.
It now follows easily that one can perturb the given family (pij)
n
i,j=1 in the way described
above. Note that (pt,ij)
n
i,j=1 for t ∈ [0, 1] is a continuous family of continuous self-maps of
the real projective space of the same topological degree.
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Thus, if we are only interested in non-vanishing of the topological degree of the self-map
of PR(Mn(C)h), we may assume without loss of generality that the family (pij)
n
i,j=1 has no
non-trivial common complex zero. Now, consider also the associated polynomial map
p¯S : PC(Mn(C))→ PC(Mn(C))
on the complex projective space. This is a polynomial map given by n2 homogeneous
polynomials of degree d and thus, a generic point in PC(Mn(C)) will have d
n2−1 pre-images
without multiplicities. Again, using an analogous argument as above, this will also be true
for generic points in PR(Mn(C)h). In particular, since d is odd this number is odd. Since
p is self-adjoint, the non-real pre-images of a real point come in conjugate pairs. Thus, we
can conclude that the number of real pre-images of p¯S of a point in PR(Mn(C)h) is always
odd without multiplicities. Hence, the continuous map p¯S : PR(Mn(C)h) → PR(Mn(C)h)
has a non-zero (Z/2Z)-valued topological degree. We conclude that the topological degree
of pS on the level of spheres must be non-zero. This finishes the proof. 
Note that in general a polynomial p ∈ Pol(Mn(C)) homogeneous of degree d will – even if
non-degenerate in our sense – only determine a rational self-map of the complex projective
space PC(Mn(C)) and there is no reason to think that it would have degree d
n2−1. Indeed,
consider the map X 7→ Xd on Mn(C). A generic (n×n)-matrix has exactly d
n different d-
th roots and the generic number of pre-images as a rational self-map of PC(Mn(C)) is d
n−1.
This phenomenon is due to the non-triviality of the singularity {X ∈Mn(C) | X
d = 0} – in
this case it not even zero-dimensional. However, enough oddity survives for our arguments
to go through also in this case – as we seen in Proposition 2, in this case the topological
degree is equal to 1 for all d ∈ N.
Corollary 4. Let d ∈ N be odd and let p ∈ Pol(Mn(C)) be a self-adjoint matrix polynomial
of degree d and assume that p(d) is non-degenerate. Then, there exists a self-adjoint matrix
X ∈ Mn(C)h such that p(X) = 0.
We can now partially answer the question from the beginning of this article. The leading
form of the matrix polynomial p(X) = XAXAX + X2 + BXCXB + DXD − X + E is
p(3)(X) = XAXAX . Thus, Corollary 4 applies if the equation XAXAX = 0 implies that
X = 0 for self-adjoint X ∈ Mn(C). This holds for example when A is positive definite.
Indeed, we easily compute:
XAXAX = 0⇒ A1/2XAXAXA1/2 = 0⇒ (A1/2XA1/2)3 = 0⇒ A1/2XA1/2 ⇒ X = 0.
On the other side, the equation XAXAX+1n = 0 implies that A is invertible if a solution
exists. Thus, some non-degeneracy condition on the leading form is necessary. Whenever
the matrix A is indefinite, one can show that the leading form XAXAX is degenerate and
also that the equation XAXAX +E = 0 cannot always be solved in self-adjoint matrices
– thus, non-degeneracy of the leading form is necessary and sufficient in this special case.
However, in general, it is unclear if (for d odd) non-degeneracy is the minimal assumption
on the leading form to ensure existence for solution for all self-adjoint polynomials with
this leading form. An obvious necessary condition is that the leading form be surjective as
a map on self-adjoint matrices.
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If p = p∗ ∈ Pol(Mn(C)) is of even degree equal to d, then the map p
(d)
S
will factor through
the associated real projective space. Thus, the topological degree of the induced map on
spheres will be zero if n is odd. Indeed, if n is odd, then the (n2−1)-dimensional projective
space is not orientable and hence degrees of maps must vanish. However, if n is even, the
degree of the associated map on spheres can be a non-zero even integer. Indeed, one can
show for example that the quadratic map(
a11 a12
a21 a22
)
7→
(
a211 − a
2
22 − a12a21 2a11a12
2a11a21 a11a22
)
is non-degenerate and induces a map of degree two on the three-dimensional unit-sphere
of M2(C)h. The associated self-adjoint element in Pol(M2(C)) is
e11 ⊗ e11 ⊗ e11 − e12 ⊗ e22 ⊗ e21 − e11 ⊗ e22 ⊗ e11 + 2e11 ⊗ e11 ⊗ e22
+ 2e22 ⊗ e11 ⊗ e11 +
1
2
(e21 ⊗ e12 ⊗ e22 + e22 ⊗ e21 ⊗ e12),
where eij for 1 ≤ i, j ≤ 2 denote the standard matrix units in M2(C). Thus any self-
adjoint quadratic equation with leading term like this can be solved in self-adjoint matrices
according to Theorem 1.
In general, polynomial self-maps of odd-dimensional sphere of topological degree d
were constructed by Wood [7] using homogeneous polynomials of degree |d|. For even-
dimensional spheres and d odd there is a construction by Turiel [5] using homogeneous
polynomials of degree 2|d| − 1.
We want to spend the rest of the article to explain how the results generalize to the case
of many variables. There are various ways to apply the general technique – however, we
will focus only on one possibility. Let k ∈ N and denote by C〈x1, . . . , xk〉 the free unital
C-algebra with generators x1, . . . , xk. A free matrix polynomial in k variables is an element
in the unital ring
Mn(C) ∗C C〈x1, . . . , xk〉,
that arises as an amalgamated free product of rings. A typical element in the ringMn(C)∗C
C〈x1, . . . , xk〉 is a linear combination of monomials of the form A0xi1A1xi2 · · ·xidAd with
il ∈ {1, . . . , k} for 1 ≤ l ≤ d and A0, . . . , Ad ∈ Mn(C). Note that this ring is just
Pol(Mn(C)) in the case k = 1; however note that as discussed before, some elements p ∈
Mn(C)∗CC〈x〉 evaluate trivially when considered as polynomial mapsX 7→ p(X) onMn(C).
The adjoint, the degree, and the leading form of some element p ∈Mn(C) ∗C C〈x1, . . . , xk〉
are defined in a straightforward way – however, as before the degree will not necessarily
agree with the degree of the associated polynomial map from Mn(C)
k to Mn(C). We
say that a k-tuple of homogeneous and self-adjoint free matrix polynomials p1, . . . , pk is
non-degenerate if for self-adjoint matrices X1, . . . , Xk ∈Mn(C)h the implication
pi(X1, . . . , Xk) = 0, ∀1 ≤ i ≤ k =⇒ Xi = 0, ∀1 ≤ i ≤ k
holds. The following generalization of Corollary 4 is now straightforward.
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Theorem 5. Let k ∈ N and let p1, . . . , pk be self-adjoint free matrix polynomials of odd
degree in k variables. If the k-tuple of leading forms is non-degenerate, then there exist
self-adjoint matrices X1, . . . , Xk ∈Mn(C)h, such that pi(X1, . . . , Xk) = 0, for all 1 ≤ i ≤ k.
Proof. Let di be the degree of the free matrix polynomial pi ∈ Mn(C) ∗C C〈X1, . . . , Xk〉.
By taking an appropriate power of pi, we may replace di by lcm(d1, . . . , dk). Thus, we
may assume without loss of generality the degrees are all equal. We may now repeat the
arguments that led to the proof of Corollary 4 starting with the polynomial map
Mn(C)
k
h ∋ (X1, . . . , Xk) 7→ (p1(X1, . . . , Xk), . . . , pk(X1, . . . , Xk)) ∈Mn(C)
k
h.
This ends the outline of the proof. 
Example 6. The previous result applies for example whenever p, q ∈Mn(C) ∗C C〈x, y〉 are
quadratic self-adjoint free matrix polynomials. In this case, we can conclude from Theorem
5 that there exist self-adjoint matrices X, Y ∈ Mn(C)h such that:
X3 + p(X, Y ) = 0, Y 3 + q(X, Y ) = 0.
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